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LTI Systems

xi[n] = yi[n]l = )., axxi[n] - Xi ag yi[n]

* If we can find a set of “basic” signals, such that

= arich class of signals can be represented as linear
combinations of these basic (building block) signals.

= the response of LTI Systems to these basic signals are
both simple and insightful

 Candidate sets of “basic” signals

= Unit impulse function and its delays: §(t)/d[n]
- Complex exponential/sinusoid signals: eSt /z™
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Candidate Sets of Basic Signals

* Time domain: §(t)/6[n]

x(t) = x(t)d(t —1)dt x(n) = x[k]o[n — k]
I 2
5(t) - h(t) d[n] - h[n]
x(t) = y(t) = x(t) = h(t) x|n] - y[n] = x[n] = h[n]

- Frequency domain: e/t /e/W" and et /z"
x(t) =j?ej“)tda) x[n] =j?ejwndw
w w

eja)t_)H(]-w)ejwt ejwn_)H(ejw)ejwn

x(t) - y(t) = j YH(jw)e!* dow  x[n] - y[n] = j ?H(e/?)el*" dw

w w
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Eigenvalues and Eigenvectors

* In linear algebra, v € R" is eigenvector of matrix A
with associated eigenvalue 4, if
Av = v

e Suppose A has n distinct eigenvalues 44, ..., 4,, associated
to eigenvectors vy, ..., v,, respectively.

° v4,..., 0, form a basis of R", i.e., Vx € R" we have the
following representation

n
k=1
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Eigenvalues and Eigenfunctions of LTI Systems

e CT Exponential x(t) = et

y(t) = f h(t)est=D dr = et Jh(r) e STdt £ H(s)eSt

= eSt is eigenfunction of LTI system with associated eigenvalue
H(s)= [ _h(x)esdr  (system function)

« DT Exponential x[n] = z"

yln] = z hlk]z"k = z" z hlk]z™"% 2 H(z)z"

k=—c0 k=—o0

= z™is eigenfunction of LTI system with associated eigenvalue
H(z) =Y hlk]z™* (system function)
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Linear Combination of Eigenfunctions

* Following eigenfunction property and superposition
property of LTI systems, we obtain

x(t) = Z aigeskt - y(t) = z a, H(s;)eskt

k k

xfn] = Y @zt > ylnl= ) a2
k k
* Input vs. output

= linear combinations of the same exponentials
= different coefficients {a,} ~ {axH(sy)}/{a,H(z;)}

e Questions
= Which functions are linear combinations of exponentials?
= How to find coefficients {a;} ?
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Basic Signals in Fourier Analysis

« If we focuses on e’/®t for CT and e/®" for DT, i.e.,
est Re[s]=0} eja)t

|1z|=1

71 ; eja)n

 Fourier analysis
= Decompose the signal as a linear combination of basic

signals: e/®t /eJ®n
= Find out the response of the signal based on the response of
these basic signals e/®t /e/ @™
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Fourier Series of CT Periodic Signals

e Recall CT signal is periodic with period T if
x(t) =x(t+T)VteR

= fundamental period T: smallest positive period

2
- fundamental frequency w, = =

 Fourier series represent CT periodic signals in terms of
harmonically related sinusoids or complex exponentials
o eJ@ot with fundamental period T and fundamental frequency w,
= harmonically related: ¢, (t) = e/*@ot=¢/k27t/T perjodic with
fundamental frequency kw,

w " w =
x(t) — z ake]kwot — Z ake]IcZnt/T
k=—o00 k=-o0

x(t) = by + z [brcos(kwyt) + cisin(kwyt)]
k=1
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Joseph Fourier

e 1807, Memoire sur la propagation de la chaleur dans les corps solides
(Memory on the propagation of heat in solid bodies)

e 1822, Théorie analytique de la chaleur
(The Analytical Theory of Heat)

r _1 Développement .:{'um-.l_',r"um‘!mu arba'mu}\:l an sdres

Frigonoietrgies.
THEORIE -
AMALYTIQUE La question de la propagation de In chaleur dans un
) : F . T a* " w
solide rectangulaire a conduit a |or|1|.1t|u||;—- . it = = 0}

DE LA CHALEUR,

Fun M, FOURIEE.

i

et 8i l'on suppose que tous les points de l'one des faces do
galide ont une température commune, il faut déterminer
les codthicients &, &, ¢, d, ¢, ete, de lo serie

acos.o4beos. 3o ceos hx d coa, Fa 4. 000,

en sorte que la valeur de cette fonction soit dgale 4 nne
constunte toutes les fois gme Vare o= est compris entve
- '_ . D vient o xi""nrll\fk'lll‘dl.i‘ﬁfﬂ\![h

Eients ; mais op wa traité gqu'un senl cas d'un prob bléme plus Jeaﬂ-BaptiStE}

= S|

: gindral , :|ui consiste & deévelopper une fonction quelcongue ]
R ':""i.".':'f::.'.‘.'.'...».. s i en une suite infinie de sinus ou de cosinus d'ares multiples. J oseph FD urier

i,

(https://gallica.bnf.fr/) (from Wikipedia)

[ N—
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Harmonics

Wi ng 3&){} 4&){} Sw(} 6&){}

W

2 3 4 5 6 <« |k|: harmonic #

0
0 1

[N A N R
o .
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Harmonics

[

11
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Orthonormality of Harmonics

Recall for k # 0,
ejkwob _ ejkwoa

b
elkwotdt = :
—L Jkwg

Since e/*@ot has period T, then over any period

1 1 to+T
— f elkwot g = — f elkwot gt = §[k]
T T T t

0

Define inner product between two signals with period T by

_ 1 _d
(f.0) =7 | F©5@

{e/k@ot: vk € 7} is orthonormal system of functions

(ejm“)ot, ef"“’ot) = %f e/(M—Mwotdt = §[m —n],Vvmn € Z
T

12



S 13
YAXAAY

SHANGHAI JIAO TONG UNIVERSITY I

Orthogonality of Harmonics

 For Sinusoids, vm,n € Z,
1

(sin(mwyt), sin(nwyt)) = %S[m —n] — E@[m + n]

(cos(mwyt), cos(nwyt)) = %5[m —n] + %5[m + n]

(sin(mwgyt), cos(nwyt)) =0

e Proof:
> Use Euler’s relation and the orthonormality of {e/*®ot; vk € 7}
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sin(wot)

. 2w
sin(2wot) = w
sin(wot)

cos(wot) = i—z

14
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Complex Fourier Coefficients

 Fourier series representation of a CT signal with period T
= . 2
x(t) = z aelk@ot Wy = Tn

k=—o0

e Find Fourier coefficients using orthonormality of
{ejkwot: Vk € Z}

00)

ljx(t)e‘j"wotdt = (x(t), e/™wot) = Z a kot | ginwot
T ), ’ )

k=—o0

(0.0]

— Z Q. (ejkwot,ejnw0t>

k=—o0
(0 0]

= Z aiyolk —n] =a,

k=—o0
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Complex Fourier Coefficients

e Synthesis equation

16

x(t): z akejkwotz z akejk(zn/T)t
k=—c0 k=—00
e N-th partial sum
N
Sn(x)(t) = z ayelf ot
=—N

e Analysis equation

. 1 . 1 .
a = (x(t), e/k@ot) = —Jx(t)e‘fk“)ot dt = —jx(t)e‘fk(Z”/T)t dt
T Jr T Jr
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Fourier Series Representation

» Fourier Series Representation of CT Periodic Signals

= A periodic signal x(t) can be represented as a linear
combination of harmonically related complex exponentials
(or sinusoids)

= a. the magnitude and phase of k-th harmonic
component

©ay = %fo(t)dt - DC component

= {a,} : Fourier series coefficients, or spectrum of x(t)
* {|ax|} - magnitude spectrum
+ {<a,} - phase spectrum



Y FXAAY

SHANGHAI JIAO TONG UNIVERSITY I

Trigonometric Fourier Series

 For Sinusoids, vm,n € Z,

(sin(mwyt), sin(nwyt)) = E5[m —n] — E&[m + n]
1
(cos(mwyt), cos(nwyt)) = ES[m —n] + E@[m + n]
(sin(mwgyt), cos(nwyt)) =0
e Synthesis equation
x(t) = by + Z [Dbrcos(kwot) + csin(kwyt)]
k=1
 Analysis equation

B 2 — 5[k]f x(t) cos(kwyt)dt, Cre = Ef x(t) sin(kwyt)dt
T T

k=T T
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Equivalence of Two Forms

e Complex form

x(t) = Z a, e’/ kwot

k=—o0
e Trigonometric form
x(t) = by + Z [Dbrcos(kwyt) + csin(kwyt)]
k=1

e Conversion of coefficients (by Euler’s formula)
by = ay, ay= by
bk = dg + a_r, k>1 A= 1/2(bk —jCk), k>1
c, =jlay—a_y), k=1 a, =1/2(b, +jc_y), k<-1

 Note: Negative frequencies in complex form introduced for
mathematical convenience, no physical significance
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Spectrum of x(t)

« Example: l

o« x(t) = e/¥t = q, = 5[k — 1]

3 5

-y
ek
2
e
-

« Example:

jo . —-jo .
o x(t) = COS((UOt + ¢) — eTe]th +eTe—]a)ot

° g = %ej"b, aA_q = %e‘j‘/’, a, =0,Vk + £1

1

: | 2 | 2
o & & ® ® & >
Magnitude spectrum |ay| 3210 1 > 3 &

®

Ph t ! ‘
° ase spectrum <a  — o —
P ‘ 3 -2 ‘ 0 1 2 3 &
—0
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Example: Impulse Train

x(t) = z 5(t — kT)

I ]

21

‘ x(t)
—2T —T T 2T

e Fourier coefficients

1 (T/2 . 1
ay = —J S(t)e Jkem/Tlgr = —

T ) 1), T

v
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Example: Triangle Wave

e In one period

o=1-24" gl
A= T’ =7
x(t)
| | | | .
T T
2 2
e Fourier coefficients
- r'T/Z 1 2|tldt 1 k=0
aO = — e — = -, =
T) pp T 2
a,= 1 rT/Z 1 —@ e Jkwot gt = k # 0,k odd
“TT ), T m2k2’ ’

ar,= 0,k # 0,k even
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Example: Triangle Wave

(1/2, k=0
ak:<n2k2 k # 0 odd
. 0, k=#0even

e Spectrum for fixed T, frequency spacing Aw

1
2

» L & »
—6-5-4-3-2-10 1

(g )
oy -
e
L
=)

23

2T 2T
= —, wk = k—
T T
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Example: Triangle Wave

0

So(x)(t) = z Nk

k=-0

0.0 0.5 1.0 1.5 2.0 2.5

3.0

3.5

4.0

24
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Example: Triangle Wave

1

S = ) ageltont

k=-1

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

25
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Example: Triangle Wave

3

S3(x)(¢t) = z Nk

k=-3

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

26
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Example: Triangle Wave

5

S5O = ) agelkont

k=-5

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

27
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Example: Triangle Wave

7

;90 = ) ageltost

k=-7

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

28
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Example: Triangle Wave

9

So((@®) = ) agelkeot

k=—9

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

29
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Example: Triangle Wave

19

S19(x) (1) = Z aye/k@ot

k=-19

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

30
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Example: Periodic Square Wave

e In one period

|1, Jtl<Ty
x(t)_{o, T, < |t| < T/2

1x(t)
| I | | | |
2T -T _T -7, 17, T T 2T
2 2
 Fourier coefficients

1 (h 1

An= — 1dt =—k =

O TJ_TI

1 2sin(kwnT. sin(kwaT

ak:_f' o—ikwot gy — ( 01): ( Ol),kiO
T) kwoT kn
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Example: Periodic Square Wave

. 21T
Sin (kTT1> _ 2sin(w,Ty)
km B Cl)kT
e Spectra for fixed T and different T,

ayp =

32
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Example: Periodic Square Wave

. 21T
Sin (kTT1> _ 2sin(w,Ty)
km B Cl)kT
« Spectra for fixed T; and different T

ayp =

33



= 34
YAXAAY

SHANGHAI JIAO TONG UNIVERSITY I

Example: Periodic Square Wave

Envelop is sampling @
n __

1
T 8

—4 0 4 k
e Fourier coefficients
sin(kwyT;) T,
ay = o = Z?Sa(ka)OTl)
= where the sampling function is defined as
Sa(x) = sin(x)
X

= first zero value at the k-th point satisfying kw,T; =

= main lobe of the signal is T /2T, (Hz), which is the bandwidth of
the signal
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Example: Periodic Square Wave

0

SoCI® = ) ekt

k=-0

1.2

1.0

0.8¢

0.6

0.4}

0.2F

0.04
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Example: Periodic Square Wave

1

SO = ) agelkont

k=-1
1.2 T

N A

0.8r

0.6
0.4F

0.2t

Y
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Example: Periodic Square Wave

3

S3()(®) = ) ayellwot

1.0 /\ /\ /\ /\
\V/

0.8r

0.6
0.4F

0.2t

0.0} /\ /\
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Example: Periodic Square Wave

5

S5O = ) agelkent

k=—5
1.2 T

P NA ANA N A

;v\ |
BN

=0.2
]
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Example: Periodic Square Wave

7

;90 = ) ageltost

k=—7
1.2 T

1.[}*"\/\ [\f\nﬂ lr\n
V V'V V

0.8

0.6f

0.4

0.2t

ool A_N_N N NN
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Example: Periodic Square Wave

9
So((@®) = ) agelkeot
k=-9
1.2 : ;
ARy, \VAA"ZAAY/ VY,
0.8}
0.6}
0.4}
0.2} ’\ " * ﬁ
ool A n N A n _n N\
(VAR ARV \YARVARY)
-0.2
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Example: Periodic Square Wave

13

S13(x)(t) = z ay ekt

k=-13
1.2 T

1.0 \Uﬂvﬂun nunvhut
0| |

0.6t

0.4F

0.21

0.0p
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Example: Periodic Square Wave

19
S10(x)(¢) = z ayelk@ot

k=—19
1.2 - ; T . T .
LM«ﬁqﬁ“ M ﬂﬂo%w
0.8} _
0.6l
0.4}
0.2}
A OO R M
02 . . , , , |
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Example: Periodic Square Wave

29

S29(x)(t) = Z aye/k@ot

k=-29
1.2 .

ot e

0.8¢

0.6r
0.4}

0.2F
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Example: Periodic Square Wave

39

S39(x)(t) = z aye/k@ot

k=-39
1.2 T

Ty

0.8¢

0.6
0.4¢

0.21
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Gibbs Phenomenon

e Partial sums of Fourier series “ring” at jump discontinuity
= overshoot gets closer and closer to discontinuity
= overshoot approaches = 9% of jump size

1.2

et

0.8+

0.6+
0.4r
0.2+

—0.2
0
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Convergence of Fourier Series

x(t) = Z akejkwot = z akejk(zn/T)t
k=—o0 k=—o0
1 . 1 .
ay = —jx(t)e‘fk“’ot dt = —jx(t)e‘fk(Z”/T)t dt
Ty T Jr

 Question: can any CT periodic signal be represented by a
Fourier series?
= No in general, although it applies to a extremly large class of
periodic signals
= e.g., the integral in analysis equation (i.e., a;) may diverge
= e.g., even ay Is all finite, the synthesis equation may not converge
to the original signal x(t)
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Finite energy condition

 Key point: What do we mean by
x(t) = Z ae’l*Wot ?

k=—o0

e One useful notion for engineers:
s NO energy in approximation error
(00

e(t) 2 x(t) — Z a e/ fwot fTIe(t)IZdt =0

k=—o0

 Finite energy condition
J lx(®)]?dt < oo

= Note: does not guarantee x(t) equal to its Fourier representation
at any time t, but guarantees no energy in approximation error
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Dirichlet Conditions

e Condition 1.
= x(t) 1s absolutely integrable over one period, i.e.,
J1x(®)|dt < oo
e Condition 2.
= During any period, x(t) has a finite number of maxima and minima

= Example: Condition 2 violated

21T
x(t) = sin(T> 0<t<l1

e Condition 3.
= During any single period, x(t) has only a finite number of
discontinuities with finite values "

= Example: Condition 3 violated

mU R BN

B Bt
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Dirichlet Conditions

e Signals violating Dirichlet conditions
= pathological in nature
= do not typically arise in practice

 Signals satisfying Dirichlet conditions
= 1) no discontinuities:
- Fourier series = x(t) at any time point t
= 2) i1solated discontinuities:
- Fourier series = x(t) at time points where x(t) continuous
- Fourier series = 1/2[x(t,-) + x(ty)] at isolated point t,
- Signal only differ at isolated discontinuity points
= integrals of both signals over any interval are identical
= behave identically under convolution
= Identical for analysis of LTI systems
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Fourier Series

 Fourier series of x(t) with period T and wy = 2m/T
x(t) = Z:;_OO a, elk@ot

e Correspondence between periodic functions and doubly

Infinite sequences, time domain vs. freqguency domain

FS
x(t)e— ay

> ay consists of expansion coefficients of x(¢) in “basis” {e/k@ot}

= a; alone does not uniquely determine x(t)

= also need to know basis functions, or equivalently, period T or
fundamental frequency w,

= same coefficients with different bases (periods) generate different
functions
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Linearity

FS FS
e If x(t) e« ay, y(t) —— b, have same period T, so does their
linear combination Ax(t) + By(t), and

FS
Ax(t) + By(t) «<—— Aay + Bb,,

* Proof:
Aay + Bby = (Ax(t) + By(t), e/k@ot)
= A(x(t), e/*@ot} + B(y(t), e/*®ot) = Aay, + Bby,

e Alternative proof:

x(t) — Z " akejk(l)ot

= , K
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Time Shifting

FS
e If x(t) has period T and wy = 2n/T, and x(t) «—— ay

FS et
x(t —ty) «—b, = e I*®oloq,

Time shift & linear phase change in frequency

* Proof:

1 : 1 :
by = —fx(t — to)e Jkwoldt = —fx(r)e‘f’“"o(”to)dr
Ty Ty

. 1 . .
— e—kaoto?jx(T)e—kaonT — e_]katO . ak
T

« Example:

1 .. 1 . T —j . P
cos(t) = Ee” + Ee‘”, sin(t) = cos (t — E) = 7e1t + %e‘ft
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Example: Periodic Impulse Train

x(t) = Z 5(t —nT)

n=-—oo

x(t)
NEREREEEE

4T 3T -2T -—1T OT 1T 2T 3T 4T [

e For “good” enough function ¢(t), e.g., infinitely differentiable
function with compact support

@) xx() = ) p(t—nT)

n=-—oo

fR d(t)x(t)dt = i fR d(t)5(t —nT)dt = i ¢ (nT)

n=-—oo n=-—oo



5 ‘ o4
X FEXAALY

SHANGHAI JIAO TONG UNIVERSITY I

t

4T 3T -2T -—1T OT 1T 2T 3T 4T [

e Fourier coefficients and Fourier series

1 (T/2 . 1
ay =—j S(t)e Jkwot dt = = Yk € Z
') g/, T

1 . 2T 1 21

=_ Tt = lim =Dy [ =t
X0 =7 Z © Nooo T N(T >

k=—o00

where Dy is Dirichlet kernel
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Example: Periodic Impulse Train

x(t) = Z 5(t—nT)—T z B

n=—oo k=—o0

(0.0]

t) — = ot =0
fo() T e

k=—o0

 Note: not identical everywherei(l%ut no energy difference

R

417 3T =-2T —1T OT 1T 2T 3T 4T 1

95
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Time Shifted by Half Period

x(t —ty)

t tt tit tt 1

2 2 2 2 2 2 2

 Fourier coefficients of the periodic impulse train x(t)

FS 1
x(t) — a; = T

e Fourier coefficients of x(t) shifted by half period
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Relation with Periodic Square Wave
2 7(2)

1

| | |
=2T -r _Ir -1 T
2

y 7' (1)

T T 1 ! L.
l ' oo v

Sin(k(l)oTl)

S
h--i
(]
h-..]
a8

FS
e Recallr (t) e c,= ,Vk #0

r'@)=xt + Ty —x(t — Ty)

FS . . 1 2jsin(kwyT
r'(t) «— by = (e/*@oT1 — g=JkwoT1) — = Jsin(a, 1),Vk *0

T T
1 sin(kwT
jkwg bic = (kno 1)'Vk >0

e Ck:
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Frequency Shifting

FS
e If x(t) has period T and wy = 2n/T, and x(t) «—— ay

. FS
eJMthX(t) — bk = Ak-Mm

Modulation by harmonic exponential < frequency shift

* Proof:

by = 1jej"”“)(’tx(t)e‘jk‘"O’:dt
T Jr

— lfx(t)e—f(k—M)wotodt
r T

= Ag—Mm

 Note: Modulation by inharmonic exponential may change
fundamental frequency or even result in aperiodic signal
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Frequency Shifting

e Example: x(t) =1+ cos(wgt) =1+ iej“)ot _|_%e—jwot

— ,Jj3wot _ j3wot 4 1 jawet 41 j2wot
y(t) =e x(t) =e t-e +-e

x(1) Re y(7)
- —
_Tr T Tt [
2 2

1 |
1 1 1 1
2 2 2 ‘ ‘ 2

: 0 Zw{}3w4mﬂ1’
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Frequency Shifting

e Example: x(t) =1+ cos(wgt) =1+ iej“)ot _|_%e—jwot

z(t) = cos(Bwyt) x(t) = Re{y(t)}
2 4 4 2 4 4
x(1) z(1)
|
- — -
_r T I [
2 2
1
1 1 1 L
2 2 1 2 1 1 2 1
. l |« ] | 4
L — g 3w 2wy O 2wy Swp 4wy W

—wp 0 wo
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Time Reversal

e If x(t) has period T and w, = 2rr/T, and

x(t) & ay
IR IR
FS

X(—t) — bk = a_g

Time reversal commutes with Fourier series

 Proof:
1 . 1 . 1 .

b, = —jx(—t)e‘fk“’otdt =—j x(1)elk@woTd(—1) = —Jx(r)e‘f(‘k)“)ofdr =a_g
TJr Tr, Tr

e Corollary: Fourier series preserves even/odd symmetry, i.e.,
x(t) even & a;, even, x(t) odd < a; odd
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Time Scaling

FS
e If x(t) has period T and wy = 2n/T, and x(t) «—— ay

FS
x(at) «— ay, period T /a

Time scaling preserves Fourier coefficients but changes
fundamental frequency

0.0) 0.0)

x(O= ) aet, x(a) = Y gl

k=—o0 k=—o0

* Note: Compression of asignal (i.e., |a| > 1) in time domain
results in the spectrum expansion, which is essentially a
different Fourier series, and vice versa
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Time Scaling

oo (00]
k=—o0 k=—oo
3
/\/\/Q;\/\ o
. | | N\, . | . | . N\
_T r f T T .
2 2 -3 3

[ e
b | —

' AL . | ... '] . F n 1
_6r 2 () 2m o W 97 in () 3w 97 W

T T T T T T T T

compression in time & expansion in frequency
expansion in time < compression in frequency
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Differentiation

e If x(t) has period T and wy, = 27 /T, so does its derivative x'(t),

_ FS
and if x(t) «—— ay,

, FS
X (t) — bk =jk(,l)0ak

differentiation in time < multiplication by jkw, In frequency

* Proof:

1 .
by, = —fx’(t)e‘f’“‘)otdt
Tr

1 , T 1 ,
= = [x(De~*ot] | + jkag _Jx(t)e‘f’“‘"’t"dt = jkwoa
T 0 Ty

« Alternatively, differentiate term by term
x(t) = ), agel*t = x'(t) = ) jkwoayge/ ot
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Integration

If x(t) has period T and w, = 2m/T, and Fourier series

w "
x(t) = z a elk@ot
k=—o0

Integrating term by term

t
y(t) £ j x(s)ds = apt + Z ay
0

k#0 jkwg
= aot—z T +z g et
k=0 JKWq k=0 JKWq

y(t) periodic i.f.f. ap = 0, i.e., x(t) has no DC component

e ifay, =0, y(t) has period T,

FS a t 0
y(t) < >jk:) ,Vk # 0, andj x(s)ds =y(t) + j x(s) ds — constant
0 o5 C
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e x(t): triangle wave

Ay =

1 4sin(km/2) eJkm/2 . +

" jkwy  knT

© x1(t) = x'(0)

ALk = rnt

T
© x(t) = x4 (t —Z)
__4sin(km/2) 2
Aok = knT B

o x3(t) = 72,(8) 45

__ sin(km/2)
A3k =~ 1p

__ 4 sin(km/2) ejkTC/Z . 35

2 5[k]

x(1)
|
T T
T2 2

X3 (1)
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Multiplication

e If x(t) and y(t) have the same period T and w, = 2m/T, so does
FS FS
their product x(t)y(t), and if x(t) «—— a; and y(t) «—— by

Xy <Y am by

m=—oo

multiplication in time < convolution in frequency

* Proof:

x(O)y(t) = < E amejm“)ot)( E bleﬂ“)ot>
m——oo |l=—00
E E a,, b;el (MTH@ot (letk =m+ 1)
|=—00 m=—oo

— Z <Z ambk m) e]ka)ot
k=—o0 m=—oo
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Periodic Convolution

e Periodic Convolution x(t) = y(t) of x(t) and y(t) with the
same period T and wy = 2rnt/T

x(6) * y(¢) = f x(D)y(t — D)dr

T

 Properties
= Commutativity

x(t) * y(t) = y(t) * x(t)

= Associativity

[x (&) * y(©)] * 2(t) = x(t) * [y(t) * z(¢)]

= Bilinearity

(ziAi xi(t)> * (ZI B; y; (ﬂ) z A; Bi[x;(t) * y;(t)]
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Periodic Convolution

e If x(t) and y(t) have the same period T and w, = 2n/T, and

FS FS
.X'(t) — 4y and y(t)  — bk

Fs
x(t) * y(t) <« ¢ = Tayby

convolution in time < multiplication in frequency

 Proof:
— l * —Jjkwot — l _ —jkwot
Cp = TJT[x(t) y(t)]e™ dt TfTUTx(T)y(t T)d’l']e J dt

1 .
— _ _ —]ka)otd d
= Lx(r) [ Ly(t T)e t] T

= jx(T)e_jkaTbk dt = Takbk
T
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Conjugation and Symmetry

If x(t) has period T and w, = 2m /T, so does its complex
I FS
conjugate x*(t) = x(t), and if x(t) «—— a;

s )
x*(t) «—— by = a’,

Proof:
L( o 1 . o
by== | x*(t)e I*@oldt = = | x(t)e/*@oldt =a_, = a’,
T T T T
Corollary: if x(t) is real, then a, is conjugate symmetric
a_, = ay

Corollary: if x(t) is real and even, then a,, is also real and even
A = a_y = ay,

Corollary: if x(t) is real and odd, a;, is purely imaginary and odd
—ay = a_; = ay,



Y FXAAY

SHANGHAI JIAO TONG UNIVERSITY I

Even-Odd Decomposition

FS
e If x(t) is real with period T and wy = 2n/T, x(t) «<—— a;

1 FS
xe(t) =5 [x(1) + x(=t) ] by = Re{ay)

1 FS
Xo(t) =7 [x(t) —x(=t) | cx = j - Im{ax}

* Proof:
= Since x(t) is real, then a;, is conjugate symmetric

1 1
b= > lax +a_g] = > lax + ai] = Relay}
1 1

Ce= 5 lay —a_i] = > lay — a] = j - Im{ay}

71
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Parseval's Relation

FS
e If x(t) has period T and wy = 2n/T, x(t) «—— ay

1 0.0)
7 [P = a2
r T

k=—o0

e Interpretation: Energy conservation
= |ay,|? is average power of k-th harmonic component
1 2 . . . ]
;lex(t)l dt is average power of x(t) in one period, which equals
the sum of average powers in all harmonic components

 Hint for the Proof:

- Use the relation |x(¢t)|? = x(t)x*(t), and the properties of
multiplication, conjugation and symmetry
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DT Periodic Signals

* DT signal x[n] is periodic with fundamental period N if
x|n + N] = x[n]

= fundamental period N: smallest positive period

21T

- fundamental frequency: w, = {W’ N>1
00 N=1
jkz—nn

» Complex exponential ¢ [n] = e!“N™ = ek®o™ js periodic with
= period N and fundamental period N/gcd(N, k)
= fundamental frequency
0, if N|k
Wk = {a)o -gcd(N, k), otherwise

2

= always integer multiple of wy = 7” harmonically related



P 74
B SENS:

SHANGHAI JIAO TONG UNIVERSITY I

Finiteness of DT Fourier Basis

 Fourier series represents DT signal with period N in
terms of hamonically related complex exponentials ¢ [n]

xln] = ) acdln] = Y @ el T

k k

 Key difference with CT case
K+TNIn] = ¢pX[n] = only N distinct ¢¥[n], finite Fourier basis

N
{pk[n]: k € Z} = {pK[n]: k € (N)}

where (N) denotes the set of any N successive integers, e.g,.
(N)={0,1,..., N—1},or(N)=1{2,3,..., N+ 1}

* Proof:

. 2T . 2T .
Il\c,+rN[n] _ ef(k"‘TN)W" — oJE N 4 pir2mn — (,b]l\c,[n]’vr =W/
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Finiteness of DT Fourier Basis

o ¢pK[n]forN =4andk=0,1,2,..,8
L, e A
| L8 L I ¥ D S E Y R

:,ﬁﬂ, [n] = cos(0-n) =1 qf)}l_,[n] = cos(mn/4) qﬁi,[n] = cos(mn/2)

=Y

X

q‘:ﬁ [n] = cos(37mn/2) q.b:::}. [n] = cos(7mn/4) qbi, [n] = cos(2mn) = 1

75
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Orthonormality of Harmonics

e DT Fourier series

x[n] = z a, prn] = Z aj ej""ng"

ke(N) kE(N)

= Summation can take over any N successive integers
= Coefficients a; obtained using orthonormality of harmonics

e Define inner product between two signals with period N by

(xln >_Nz

ne(N)
= Same as inner product in CV up to factor N1

> {pX[n]: k € (N)} is orthonormal system of functions

<¢N[ |, pn'n ]) Ok —m]
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Orthonormality of Harmonics

 {¢pK[n]:k € (N)} is orthonormal system of functions

<¢N[ |, o5 [n ]) Ok —m]

* Proof:

N—
1 2” 2n 1 o \2r
($N[nl, i {nl) = Z I = im n:NE j(k—my2

ne(N)
= if k = m, then

(¢k[nl R nl) = N1 =1

. 21T
o ifk £m,since |k —m|<N—1,e/* ™3™ = 1, and by

a1 _an2+1

Yln, " = ————— then
(k=m)2N
K mp,) — L jk=m)am _ 11-e/ TN
(ng[n],qu [n]) =N n=o € TN juemZE 0
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Determination of Fourier Coefficients

e Suppose x[n] has period N and Fourier series representation

x[n] = z a, prn] = z aj ej""ng"

ke(N) kE(N)
* Form € (N),
(xlnl, o[ =<Z o cp,'s[n],qun]> = > o (@il ¢y )
kE(N) k€E(N)

= Z a, 6|k —m] = a,,
k€E(N)
= Can also think of a;, as a periodic signal with period N, since

amirn2 (x[n], pF ™V [n]) = (x[n], R [n]) = ap, Vr €Z

= But only N successive values used in Fourier series!
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DT Fourier Series

 Synthesis equation

79

ke(N)

k€e(N)

x|n] = Z ax ¢ [n] = Z T, @ETT = Z aj ek

ke(N)

 Analysis equation

aj, = (x[n], py[n])

1

N

2
z x[n]e/kwon =% z x[n]e_JkWn"

ne(N)

ne(N)

e Note: no convergence issue since all sums are finite!
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Example: Sinusoidal Function

x|n] = cos (%nn + g) with period N =5

= w, = %’T — %’ﬂx[n] — %ef(?“;) +%e—f(?"+5

* Fourier coefficients a,repeat with period N =5

caz=-els,a,=ay, c=as=-e s, a=a, =a, =
FEEEEEEEEEES 1
| 1 Lo

&[] SR I RN S SR I

~3-2 0 2 3 7 8 k

R 1 RS U2 L8 S

arg X[k | 2 10 | 3 | 8 &
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Example: Periodic Square Wave

e Periodic square wave with period N, in one period

[]_{1, —N1SnSN1
=10, N, <n<N-=N,

SRS SIS

e Fourier coefficients

e Case 1: if k Is integer multiple of N,
2N, +1

N

(05%
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Example: Periodic Square Wave

., 2TC
e Case 2: if k is not integer multiple of N, then e TN £ 1, using

M

z - am _ aM+1
a =
1—a
n=m
we obtain
N 2T 21
1 1 B 'kz_nn 1 e]k N Ny e jk N (N1+1)
A, = — e J N = —
TN N P
n——N1 1 _— J N
.. 2T ., 2T
1 QIR (N1+1/2) _ = jk T (N1+1/2)
- 1T T

qsin [kZW”(N1+1/2)]

N sin (k %)
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Example: Periodic Square Wave

. sin [k%” (N, +1 /2)]
ay = —

N sin(k%)
N[=2
N=20 '
N,=2
N=40
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DT Fourier Series

e DT Fourier series of x[n] with period N and wy = 2n/N

1% 'kz—nn
x[n] = Z a e/k@on = Z a, e’ N

ke(N) kE(N)

e Correspondence between two periodic functions with period N

FS
x[n]e— ay

e Two equivalent representations of same signal
s time domain: x[n]
s frequency domain: ay
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Properties of DT Fourier Series

e Linearity
FS FS _
o If x|[n] <« ay, y[n] «<—— b have same period N

FS
Ax[n] + By|n] «<—— Aay + Bb;,

« Time and frequency shifting

FS
o If x|n] < a; has period N and w, = 2m/N

e —jkwgn
x[n —ngl——e oftog,

and

. FS
e/MPox[n]e— ay_,,
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Properties of DT Fourier Series

FS
If x|n] «<—— a; has period N and w, = 2n/N

e Time reversal

FS
x[—n] e a_;

e Conjugation

x*|n] «—— a’,

e Symmetry

n] even & a; even, x[n] odd < a; odd

n]real © a_;, = ay,

n] real and even < q;, real and even

n] real and odd < a;, purely imaginary and odd

u}

= X X X
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Time Scaling

x[n/m], ifnisinteger multiple of m
0, otherwise

Define X(m) [Tl] = {

FS
If x[n] has period N, x(t) < ay, then x,)[n] has period mN

FS |

X(myln]e—— by = — Ak

 Proof:
1 2T 1 _a2m 1
by, =N Z Xmn]e EmE" =N x[l]le™ N =
ne(mn) LE(N)
* Note: x)[n] and by, have period mN, so
1 jkz—nn
X(myln] = aake mN
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First Difference and Running Sum

FS
If x|n] «<—— a; has period N and w, = 2n/N

e First difference (analog of derivative for CT signals)
s Ax[n] = x[n] — x[n — 1] has period N

x[n] —x[n—1] gk (1-—- e_jk%n)ak

« Running sum (analog of integration for CT signals)

yinl =" ximl

= y[n] is periodici.f.f. ap = 0, i.e., x[n] has no DC component
= ifay = 0, y[n] also has period N

FS 1
yln] e« ——ay, fork #0
1—e /N
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Multiplication

e If x[n] and y[n] have the same period N and wy = 2m/N, so does
FS FS
their product x|n]y[n], and if x[n] < a; and y[n] < by

x[n]y[n]e—— Am Dg—m
me(N)

 Note: Frequency domain: periodic convolution in DT case vs.
aperiodic convolution in CT case

* Proof:

x[n]y[n] — (z amejm(x)on> (z blejlw0n>
me(N) LE(N)

me(N) lE(N> use arithmetic mode N

= z (z ambk m) e]ka)on
k€e(N) mMe(N)
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Periodic Convolution

e Periodic Convolution x[n] * y[n] of x[n] and y[n] with the
same period N and wy = 2n/N

Al =yln = ) xmlyln—m]

 Properties
= Commutativity
x|n] * y[n] = y[n] * x[n]

= Associativity

(x[n] * y[n]) * z[n] = x[n] * (y[n] * z[n])

= Bilinearity

(S i) (5 ) 3 o
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Periodic Convolution

e If x[n] and y[n] have the same period N and w, = 2n/N, and
S

F FS
x[n] e a; and y[n] «—— by,

FS
x|n] x y[n] «—— cx = Nayby

convolution in time & multiplication in frequency

* Proof:
1 .. 2T 1 o
ne(N) ne(N)
1 ., 2TC
= x[m] <— n—m e_JkW">
mEZ(N) .y

1 —jkz—nm
= NN Z x|m]e "N b, = Nayby,
me(N)
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Parseval's Relation

FS
e If x[n] has period N and wy = 2n/N, x[n] «—— a;

N Rl =Y ol

ne(N) ke(N)

e Interpretation: Energy conservation

= |ay,|? is average power of k-th harmonic component

2 %Zne(N)lx[n]lz is average power of x[n] in one period, which equals

the sum of average powers in all N distinct harmonic components

e Hint for the Proof:
o Use the relation |x[n]|? = x[n]x*[n], and the properties of
multiplication, conjugation and symmetry
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Eigenvalues and Eigenfunctions of LTI Systems

e CT Exponential x(t) = et
y(@) = [_. h(r)es P dr = e5t [ h(r) e~Tdr 2 H(s)e™
est is eigenfunction of LTI system with associated eigenvalue
H(s)= [ _h(x)e*dr  (system function)
= Restrictedto s = jw = Frequency response H(jw)
H(jw) = [ ._h(r) e J@tdt

« DT Exponential x[n] = z"
ylnl = Tie o hlk]2" % = 2" $F2 o hlk]z™* & H(2)z"
z" 1s eigenfunction of LTI system with associated eigenvalue
H(z) =Y hlk]z™* (system function)
= Restricted to z = e/® = Frequency response H(e/*)
H(e]w) Yme-ow h[n ]e—ja)n
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Frequency Responses

 Fourier Series can construct any CT periodic signal and
essentially all practically important periodic CT signals

e CT LTI systems
x(t) = X, ape/kwot —» h(t) > ()=, H(jkwy) aelk@ot

e DT LTI systems

X[n] = ZRE(N) akejkwon_> h(t) > y(t)=ZkE<N>H(ejk“)o)akejkwon

e Output periodic with same period of input, Fourier coefficients

FS FS )
y()—— H(jkwo)ay,  y[n] < H(e/**)a,
e Filtering changes relative amplitudes of frequency components
or eliminates some frequency components entirely
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CT Filtering

« Example: Differentiator y(t) = x'(t)

= Impulse response

95

« h(t) =6'(t)

= Frequency response
* H(jw) = jw

= For periodic input
© x(t) = Xy agel@ot

= Qutput

* () = Ly jkwoayel ot

|H (jw)]
A
0 w
arg H(jw)
A
2
0 w

= Fourier coefficients rerlated by b, = jkwyay
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CT Filtering

LTI systems as filters
= cannot create new frequency components
= can only scale magnitudes or shift phases of existing components

« Example of nonlinear filter: Clipping y(t) = max{x(t), c}
e Focus on LTI filters in this course

 Frequency-shaping filters change shape of spectrum
o @, g equallzer X - —

Frequency-selective filters pass some frequencies essentially
undistorted and significantly attenuate or eliminate others
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ldeal Frequency-selective Filters

e ldeal lowpass filter

. 1, |w|l<w
H(jw) = { ’ - ¢
() 0, otherwise
* w,: cutoff frequency
W H(jw)
1

— W, 0 We W
<«— stopband —»«— passband —{«— stopband —
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ldeal Frequency-selective Filters

e ldeal highpass filter

. 1, |w|l=zw
H(jw) = {O, (l)tlllerwi;e
* w,: cutoff frequency
y H(jw)
1k
—W, 0 We W
<+— passband —»{«— stopband —»{«— passband —
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ldeal Frequency-selective Filters

* ldeal bandpass filter

. 1, w/oq <|w| <w
H — ) cl c2
() {O, otherwise

* w.1: lower cutoff frequency
°* W upper cutoff frequency

yH(jw)
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ldeal Frequency-selective Filters

* ldeal bandpass filter

. 1, w/oq <|w| <w
H — ) cl c2
() {O, otherwise

* w.1: lower cutoff frequency
°* W upper cutoff frequency

yH(jw)
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Simple RC Lowpass Filter

- Differential Equation 4 ve(r) _
0 e W
RC c;t + v.(t) = vs(t) R
i
- For input vs(2) T() C = vc(1)

Us (t) = g/t

Output
v.(t) = H(jw)el*?

Frequency response:

H(w) =

1
1+ jwRC
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Slmple RC Lowpass Filter

2 [H(jw)|
* Freguency response
1
H(w) =
Vo) = T RCjw
|H(jw)| =
J1+ (RCw)?

arg H(jw) = —arctan(RCw)

 Nonideal lowpass filter
= passes lower frequencies
= attenuates higher frequencies

e Larger RC = passes smaller range of lower frequencies
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Simple RC Lowpass Filter

 Impulse response I

1
_ —t/RC
h(t) o € u(t) 1

103

* Step response
s(t) = h(t) *u(t) = (1 — e YROY(t)

e Time constantt = RC

o Tradeoff:

- larger 7, passes fewer higher frequencies, more sluggish

response

- smaller 7, passes more higher frequencies, faster

response
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Slmple RC Highpass Filter

n vr(t) _
 Differential Equation —
RC dvgt(t) + vg(t) = RC dv;ft) . .
204D C == velt)
- For input B
ve(t) = /@t

Output
va(t) = H(jw)e @t

Frequency response:

wWRC
H(jw) = —2

1+ jwRC
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Slmple RC Highpass Filter

|H (jw)|
* Freguency response 1
_ JwRC
H(jw) = \V

1+ jwRC , : "
|w|RC re O R
H(jw 2

e

1
arg H(jw) = arctan (RCa))

I

e Nonideal highpass filter
= passes higher frequencies
= attenuates lower frequencies

=T =
™

1
I
| X
| |
SIE R
=c|__ B
™
S

e Larger RC = passes larger range of lower frequencies
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'y
1
 Step response 1
s(t) = e URCy(t) 0 RC t
e Impulse response 1
1
h(t) =s'(t) = 6(t) ——=e /RCy(t) 3 5(2)
RC |
* Time constant t = RC : \
= Tradeoff: RC 4
- larger 7, passes more lower frequencies, more sluggish
response

- smaller 7, passes fewer lower frequencies, faster respons
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DT Filtering

Fregquency-shaping vs. frequency-selective filters as in
CT case

LTI systems as filters
s cannot create new frequency components
= can only scale magnitudes or shift phases of existing components

e Example of nonlinear filter
= Max filter: y[n] = max x[n + k]

—MNnq SkSnZ

= Median filter: y|[n] = median{x[n — n,], ..., x[n + n,|}

Recall for DT signals, suffices to consider frequencies on an interval
of length 2m, e.g., [0, 2m) or (—m, ]
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High vs. Low Frequencies for DT Signals

« High frequencies around (2k + 1)m, low frequencies around 2km
X X

L b 1t
I

n'lf]'ll"-
T 71T T

Py [n] = cos(0-n) =1 @5 [n) = cos(mn/4) @3 [n] = cos(mn/2)

P [n] = cos(3wn/2) ¢r.[n] = cos(Tmn/4) @3 [n] = cos(2mn) = 1
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DT Frequencies

* Discrete frequencies of periodic signals with period N
= evenly spaced points on unit circle
= low frequencies close to 1; high frequencies close to —1
4 lm 4 Im

2%
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ldeal Frequency-selective Filters

e ldeal lowpass filter

. 1, |w|<w
joYy — ) c
) ={y Wz

* w,: cutoff frequency

|
|
|
|
1
|
- 2TT —TT —_ LLJL. 0 We m 271' W
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ldeal Frequency-selective Filters

e ldeal highpass filter

: 1, w,<|w|l<m
joy =)+ %ec
H(e ) {0) |CU| < wC

* w,: cutoff frequency
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ldeal Frequency-selective Filters

* ldeal bandpass filter

H(el®) = 1, we <ol £ we
0, |lw|<wy orwe, <|w|<n

* w.1: lower cutoff frequency
°* W 2: upper cutoff frequency

27 W
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First-order Recursive DT Filters

y[n] —ay[n — 1] = x[n]

For input x[n] = e/®", output y[n] = H(e/®)e/®"

 Frequency response (well defined if |a| < 1)
1

H(ef‘”) =T ae_Jw,IaI <1
- Fora = |a|e/?
. 1
H(e/?)| =
| ( )| \/1 + |a|? — 2]a] cos(w — ¢)
—l|al sin(w — ¢)

H(e/®) = arct
arg (e ) darc anl—lalcos(a)—gb)



YHERAAE

SHANGHAI JIAO TONG UNIVERSITY I

First-order Recursive DT Filters

For a > 0, lowpass filter
(exponential smoothing)

a=1073
—_—a=10.6

y [H ()]

For a < 0, highpass filter

—_—a = —0.3 H(ew
=03 JH ()

114
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First-order Recursive DT Filters

* Impulse response (IR filter) 2SO a=06

hin] = a™u[n] | ‘ ‘ ‘ ‘ l
jw S —jw)™ 1 | l ‘
H(e ) = Zo(ae ) - ae_jw 33 a=0.3
need |a| < 1 for convergence [ ] ] [ ] [ ] ] ]
. Step response JLS a= —0.6
1 — an+1 I
—h _ 2 A A O A A O
s[n] = hln] *u[n] = ——— uln] n
» Tradeoff: p7a= 03
= larger |a|, narrower passband, slower response Tr1111 111

= smaller |a|, faster response, broader passband "h



S 116
YAXAAY

SHANGHAI JIAO TONG UNIVERSITY I

Moving Average as Lowpass Filter

1
yinl = M1+M2+1Z x[n = k]
k=—M;

 Impulse response (FIR filter)

1
Alnl =4, + 1 2 oln =kl

k=—M;

. Frequencyresponse
_ 1 e/~ 7 @ sIn 5 W
H(el®) = - e~ Jkw — - —
M, + M, + M; + M, + in (¥
1 2 k=—M, 1 2 Sin (2)
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Moving Average as Lowpass Filter

'M1=O,M2=1

yin] = - (efn] + x[n — 1])

h[n] = %(S[n] + 6[n — 1])

H(ej“)) = e J® cos (%)

p [H(e™)]

« Verify y[n] = x[n], if x[n] = Ke/°™ and y[n] = 0, if x[n] =

Kel™ = K(—1)"
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Moving Average as Lowpass Filter

e Ml — MZ =1
yln] = %(x[n + 1] + x[n] + x[n — 1])

hin] = %(8[n+ 1] + &[n] + 6[n — 1))

3
Sin (—w)

==+ 5Cosw
3 sin (%) 3 3
p|[H ()]
RS B .
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Moving Average as Lowpass Filter

| elegMzw sin (M1 + 12\/12 +1 w)
H(ef“’) = o
M1 + Mz + 1 Sin (7)
e M;+M,+1=11 H(e)|

—r 0O m W

| — — ]

—T 0 m W
 Note: Larger M; + M,, narrower passband, smoother output
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Moving Average as Lowpass Filter

rlal, N=11

L

y[”j: ﬂ'fl =ﬂif2 =1

y[n']1 ﬂ‘fl —_— ﬂ.-’_{z =3

y[“’L 1'1{1 =-'1'-{2 =5

Jii

|

0 2 4 6 8 10

2[K]

0 2 4 6 8 10

JEJ[E‘]IL —'i:'r'fl ?ﬂfle :]_I

0 2 4 6 8 10

|E;['Ii']| ﬂ"-{l =ﬂ-:f-._:. =3

0 2 4 6 8 10

Ilf;[kU* {Lfl Tﬂfl: :E.r

Tetetter,!

L ]

?ea®aeav,.,?

0D 2 4 6 8 10

0 2 4 6 8 10

0 2 4 6 8 10
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Moving Average as Lowpass Filter

e noncausal

1
yiln] = ——3I_yx[n— k]
 causal
y2[n] = ——S2M, x[n — k|

Note y,[n] = y;[n — M]

e For real-time system
= noncausal version not realizable
o causal version realizable

= larger M, narrower passband, smoother output, but longer delay,
more sluggish response
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First Difference as Highpass Filter

e Scaled first difference
1
y[n] =5 (x[n] = x[n — 1])

Impulse response (FIR filter)

hn ]——(5[ |=46[n—-1])

Freqguency response
. 1 . .
H(ef“’) =3 (1 — e‘f“)) = je 1°/? sin(w/2)
H(e/®)| = Isin(w/2)]

Verify y[n] = 0, if x[n] = Ke/°™ and y[n] = x[n], if x[n] =
Ke/™ = K(—1)"
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